The expression for driving force is presented for multicomponent gas hydrate nucleation in an aqueous phase. The derivation includes working equations for predicting the composition of a hydrate nucleus. The results for driving force in multicomponent systems show a significant effect of the composition of the hydrate nucleus. All past work assume a fixed composition based on the three-phase equilibrium point independent of subcooling and supersaturation.
I. INTRODUCTION
Gas hydrate crystallization from mixtures of natural gases and water is of interest for both the prevention of hydrate formation in natural gas production and for promotion of hydration formation in storage. Other interests include deep ocean carbon sequestration, use of hydrate deposits in the oceans and subsurface formations, and desalination. The rate at which hydrate nuclei form and grow is related to the thermodynamic driving force. [1] [2] [3] [4] Based on the work of various authors, one can accurately predict the equilibrium behavior and composition of hydrates from multicomponent gases. 1 However, kinetics of hydrate formation and nucleation are in an early stage of development. Fundamental issues of nucleation such as driving force, despite their importance, are currently unclear.
In this work, we begin by examining previous expressions for the driving force. We then derive from first principles a new expression for driving force of hydrate nucleation in multicomponent mixtures in an aqueous phase. We also derive the working equations for the calculation of hydrate nuclei composition away from the three-phase ͑gas-liquid-hydrate͒ equilibrium for the first time. Several example calculations are presented based on the new and previous formulations.
II. MULTICOMPONENT DRIVING FORCE EXPRESSION
There have been a number of driving force equations suggested in the literature for both single and multicomponent systems. [3] [4] [5] [6] [7] [8] [9] Sloan summarizes some of these expressions. 1 The work of Christiansen and Sloan 3 is perhaps the most general equation for multicomponent driving force in the literature.
We will use the conventional definition that the driving force is the difference between chemical potentials of the old and new phases with a flat interface ͑see Sec. IV for a more complete definition͒. Initially, we begin with a supersaturated two phase mixture of gas and aqueous solution at some temperature and pressure. Hydrate forms either in the aqueous phase, at the gas/aqueous interface, or on the wall of the container. Here we treat a spherical nucleus forming in the aqueous phase, but the approach can be extended to a nucleus formed at the interface or on the substrate through geometrical considerations ͑see discussion in Kashchiev 10 ͒. Since nucleation is governed by the formation of critical size nuclei, we are interested in finding the expression for critical size nuclei where the temperature, pressure, and composition of the gas are held constant.
Similarly to Kashchiev and Firoozabadi, 9 we will consider hydrate formation as an aqueous phase reaction where a unit cell of hydrate is formed from n g different gas molecules by
where n i is the number of gas molecule G i in a unit cell of hydrate and n w is the number of water molecules in a unit cell of hydrate. The driving force ͑per unit cell͒ is then given by
where si is the chemical potential of gas species i in solution, sw is the chemical potential of water in the solution, h is the chemical potential of the hydrate, and x and z represent the sets of all molecular fractions of gases in the aqueous phase and hydrate phase, respectively. It should be noted that the composition and type of hydrate ͑and thus all n i values͒ depend on the conditions during hydrate formation. Thus, h is shown as a function of z ͑where z i ϭn i / ͚ j n j ) even though it can be written as a function of x. The composition for equilibrium hydrates can be predicted from various models, and the fraction of empty cages can be estimated ͑this will be discussed in the following section͒. Once the type of hydrate structure (sI or sII) is known, n w is assumed to be fixed. The ⌬g term represents the supersatu-ration; it is positive when it is thermodynamically favorable for the hydrate phase to form. If ⌬gϽ0 then it would not be possible to form hydrate nuclei at the set temperature and pressure. Note that ⌬gϭ0 if T and P are chosen such that the solution is saturated at three-phase equilibrium.
The chemical potential of the dissolved gases can be written in terms of the liquid phase molecular fractions as si ͑ T, P,x͒ϭ si *͑T, P ͒ϩkT ln͓␥ i ͑ T, P,x͒x i ͔,
͑3͒
where si *(T, P) is a reference chemical potential for species i, k is the Boltzmann constant, and ␥ i is the activity coefficient of species i in solution. If Eq. ͑3͒ is combined with Eq. ͑2͒ we get
This is the first basic equation for driving force and only includes assumptions that the number of water molecules in the hydrate unit cell is fixed ͑for the given structure type͒ and that the driving force only involves the chemical potentials for species in the aqueous liquid and hydrate phases.
The assumption made at this point is that the aqueous liquid and gas phases are in equilibrium so that the chemical potentials of gas molecules in solution are the same as those in the gas phase. Thus, we can write that
for all species where gi is the chemical potential of species i in the gas phase. Using Eq. ͑5͒ we can write the chemical potential of the gas molecules in terms of gas phase fugacities ͑or fugacity coefficients͒ rather than activity coefficients in solution such that
where y is the composition space in the gas phase, gi o (T) is a reference chemical potential, f gi is the fugacity of species i in the gas phase, and f gi o is a reference fugacity ͑often taken as unity͒.
To simplify the terms for water and hydrate we need to make a few assumptions. First, we assume that the mole fraction of water in the aqueous phase is very close to one so that the activity coefficient of water can be approximated as one, and the chemical potential of water will then be a function of T and P only. In other words sw ͑ T, P,x͒Ϸ w ͑ T, P ͒. ͑7͒
We can then write the chemical potentials of water and hydrate in similar forms as
where v w is the volume of a water molecule in solution, v h is the volume of a hydrate unit cell, and h o and w o are reference chemical potentials. Now if we combine Eqs. ͑4͒-͑6͒ and ͑8͒ and ͑9͒, and assume that volumes are not functions of pressure over the ranges we will examine, then we find that
The last assumption can be relaxed over the large pressure range of integrals in Eqs. ͑8͒ and ͑9͒ but should be adequate if we look at a smaller pressure range as will be shown below. Note that we will also make the assumption that v h is independent of z, the composition of the hydrate. At three-phase equilibrium between gas, aqueous solution, and hydrate, Pϭ P e and the driving force between that solution and hydrate will be zero. This would give
where z e is the composition in the hydrate phase at T and P e . Note that z e is not an independent variable but will depend on P e and y through equilibrium relationships. If Eq. ͑11͒ is combined with Eq. ͑10͒ we get
This is a general expression for driving force but is not readily usable without either making some assumptions or having knowledge of the compositions and the hydrate standard chemical potentials. This is essentially the same equation as found by Izadpanah 11 ͑except that he neglected the effect of composition on the reference chemical potential of the hydrate͒. If we assume a fixed composition for the hydrate independent of supersaturation and assign the composition to be that of the three-phase equilibrium then n i (T, P,y)ϭn i (T, P e ,y) and h o (T,z)ϭ h o (T,z e ). With this assumption
The above equation is essentially the same expression as presented by Christiansen and Sloan, 3 although the requirement of using equilibrium composition was not stated ͑only suggested͒. For any temperature, the three-phase equilibrium pressure and composition may be predicted using programs such as CSMHYD which accompanies Sloan's text. 1 The assumption that the composition of the hydrate is the same as that at the three-phase equilibrium point for any given temperature and gas composition may not be justified if T and P are such that the operating conditions are away from three-phase equilibrium. The composition that the hydrate will take will likely be different from that at the threephase equilibrium at P e . The hydrate that forms will not be at equilibrium with the aqueous solution, since T and P are away from the three-phase equilibrium. The question is what will be the composition and how significantly does it affect the driving force for hydrate nucleus formation.
Since the issue of composition is key to formulating an expression for driving force, let us first look briefly at the widely used method for determining equilibrium hydrate composition and then examine driving force and composition of hydrates away from the three-phase equilibrium.
III. EQUILIBRIUM HYDRATE COMPOSITION
To determine equilibrium hydrate compositions, one could use the method of van der Waals and Platteeuw 12 based on statistical arguments for the fraction of cavity occupancy by the guest gas molecules. The fraction of species k in cavity i can be written as
where C ki is the Langmuir constant for species k in cavity i, f gk is again the fugacity of gas components ͑other than water͒ in the gas phase at equilibrium with the hydrate, and the summation is for all species except water. There are a number of ways to calculate Langmuir constants. In one method, the Kihara core potential is used with the Lennard-Jones Devonshire theory 13 to provide
where r is the distance from the center of the cavity and R is average cavity radius and
ͪͬ .
͑16͒
Here ⑀, k , and a are the Kihara parameters ͑found in Sloan 1 ͒. Both R and z, coordination number, can be found in Sloan.
1 Finally, the ␦ N function is given by
Thus the Langmuir constants are functions of temperature but not of pressure or composition in the gas phase.
There has been work to calculate more accurate Langmuir constants, 14 but the above method is still commonly used and should be adequate for our purpose here. Thus, we can estimate Langmuir constants using numerical integration of Eqs. ͑15͒-͑17͒. Care needs to be taken to ensure that the proper hydrate structure is used and that gas molecules are placed only in those cavities that are larger than the molecules. Fugacities are functions of temperature, pressure, and gas phase composition and are estimated using an appropriate equation of state such as Soave-Redlich-Kwong.
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IV. MULTICOMPONENT NUCLEATION: GENERAL THEORY
There have been a number of papers presenting methods for determining the work of nucleus formation and driving force for the formation of a critical nucleus in multicomponent systems ͑liquid in gas͒ as well as the composition of a critical nucleus. 16 -20 We present a complete derivation starting with the reversible work of formation of a nucleus in order to clarify all assumptions and demonstrate the appropriateness of the method.
The expression for the driving force in a multicomponent mixture can be written as
where n i is the number of molecules of component i in some repeat unit of the newly created phase ͑e.g., the unit cell for hydrates͒ and where the driving force for a component is expressed by
In the above expression, the new phase is shown by index ␤ and the old phase by ␣ ͑superscript denotes a property for the entire phase͒. The chemical potentials in the new phase are evaluated at the external pressure and at the unstable equilibrium composition. Expressions for determining the critical nucleus size and the nucleus composition are determined by taking partial derivatives of the work of formation with respect to the number of molecules of individual components in the new phase. We assume that the amount of new phase to be formed is very small, so the composition of the old phase does not change. If the dividing surface is taken to be the surface of tension then the work of formation of a spherical drop of new phase ␤ is
where V ␤ is the volume of the new phase, P is pressure, is the interfacial tension, A is the interfacial area between phases, i refers to chemical potential, N i is the number of molecules, and the indices ␣, ␤, and s refer to old phase, new phase, and interface, respectively. 19, 21 In order to introduce the concept of driving force, a term involving the chemical potential in the new phase but at the pressure of the old phase is both added and subtracted, and the expression above is rearranged to get
Note that the overall driving force must be positive in order for new phase to form. Now if the partial derivative of work with respect to molecules of species j in the new phase is taken and set equal to zero for the critical nucleus at unstable equilibrium we find
͑22͒
The first and eighth terms in Eq. ͑22͒ on the right will cancel out due to the Gibbs-Duhem expression. The fourth and ninth terms cancel out due to the Gibbs adsorption isotherm. Since the temperature, pressure, and composition of the ␣ phase do not change, the seventh and tenth terms on the right are both zero. Then we are left with
͑23͒
For a critical nucleus, the chemical potentials of the components in the ␣ phase and on the interface are equal so the last term in Eq. ͑23͒ vanishes. The assumption that the partial molar volumes of the ␤ phase do not depend on pressure and the relationship
are then used to remove the first and third terms in Eq. ͑23͒ to leave
͑25͒
For a spherical nucleus, Aϭ4R* 2 , therefore Eq. ͑25͒ simplifies to
where V ␤ j is the partial molar volume of species j in the ␤ phase and R* is the radius of the critical nucleus. Equation ͑26͒ is a common expression used to determine composition of the nucleus (⌬ j /V ␤ j is constant for every component͒ and critical nucleus size. However, in hydrates there is need for further development. We like to point out that in the derivation of Eqs. ͑25͒ and ͑26͒ we have neglected the size dependency of the interfacial tension.
V. NUCLEATION OF HYDRATES
Now we apply the general nucleation expression to the case where hydrate is forming in an aqueous phase at equilibrium with a gas phase. Equation ͑25͒ is completely general except the one assumption that the partial molar volume of every species in the newly formed phase does not change with pressure. However, when we apply this equation to hydrates we need to keep in mind the molecular structure of hydrates. In both structure sI and sII hydrate unit cells, water molecules effectively form cages around two different size cavities. The guest molecules ͑from the natural gas͒ fit into one or both of these cavities, but only one guest molecule fills a cavity. Also, not all the cavities are filled. Thus the size of the hydrate nucleus is essentially determined by the number of water molecules alone. For every component except water ͑the guest components͒, the interfacial area does not depend on N j in the hydrate phase, and Eq. ͑25͒ reduces to
If we assume a spherical hydrate nucleus, then Eq. ͑25͒ for water becomes
where v hw is the molecular volume of water in the hydrate ͑hydrate unit cell volume divided by the number of water molecules in the unit cell͒. That the driving force for the gas components is zero does not mean that the water can form hydrates ͑or ice͒ in the absence of the gas components. The overall driving force of Eq. ͑18͒ is the determining quantity, and the driving force for water includes a compositional component ͑see below͒. When the driving force is zero for an individual component it simply means that the energy of the component is unaffected by location ͑solution or hydrate͒ but it is energetically favorable for the system to have the gas component in the hydrate. The fact that the driving force for the guest components is zero means that the equilibrium composition is not a function of pressure within the hydrate nuclei but of pressure external to the hydrate. For if
and if we assume that the aqueous phase is in equilibrium with the gas phase ͑as we did above͒ we get
which is the same expression we would find for equilibrium across a flat interface. The fractional filling of cavities in a hydrate is given by Eqs. ͑14͒-͑17͒ and is a function only of external fugacities of the guest molecules ͑and thus a function of P ␣ and not P h ) and temperature ͑in the Langmuir constants͒. The composition of the hydrate can be related to Eq. ͑14͒ by
where n i are the molecules of species i in the unit cell, j is a cavity of the unit cell, and j is the ratio of cavities of type j per water molecule. As long as we know the temperature, pressure, and composition of the gas phase and we make the assumption of equilibrium between gas and aqueous phases, then we can determine the composition of a hydrate nucleus. Now if we use the assumption from Eq. ͑7͒ that water in the aqueous phase behaves as essentially pure then we can write the driving force of water as
For the sake of brevity we drop the index ␣ of the old phase in Eq. ͑32͒ and the subsequent equations. We can relate the chemical potential of water in the hydrate to water in the hypothetical empty hydrate lattice by
with hw MT being the chemical potential of water in an empty hydrate lattice and again j being the number of type j cavities per water molecule. Combining Eqs. ͑32͒ and ͑33͒ we get
which gives the expression for the driving force of water. Estimates for the difference between chemical potentials of liquid water and water in the empty lattice at a standard pressure have been made 1 and could be used here. However, it may be more accurate to use a reference equilibrium condition for which we can determine the hydrate composition.
For comparison we look at the three-phase equilibrium point where Pϭ P e ͓this point can be predicted using a program such as CSMHYD ͑Ref. 1͔͒ but at the same temperature ͑as we did above͒ and approximate composition in the gas phase. The approximation relates to the neglect of the water in the gas phase. However, since the water composition in the gas phase is very small, the effect should be negligible for the fugacities of all other species. At this pressure, the overall and individual driving forces will be zero, but the composition will be different since composition will be determined by the external pressure, P e . So at this point we find
͑35͒
We write an equivalent expression to Eq. ͑9͒ for the empty lattice as
As before, the liquid water and empty hydrate lattice are assumed to be incompressible. Using these assumptions and combining Eqs. ͑34͒-͑36͒ along with Eq. ͑8͒ we find
This gives the appropriate expression for the driving force of the water molecules in terms of variables that can be readily determined. The overall driving force ͑per unit cell͒ can be written using Eq. ͑18͒. Since water gives the only nonzero driving force, the combination of Eqs. ͑18͒ and ͑37͒ gives
This gives a general expression for the driving force per unit cell to form a critical hydrate nucleus. In our derivations we used a constant temperature and attained supersaturation by varying pressure. However, Eq. ͑38͒ can be used to study subcooling provided the appropriate values of molecular volumes are used and P e is evaluated for every temperature ͑the driving force at a given T and P should be independent of the variable that is being controlled͒. Equations ͑27͒ and ͑28͒ may be combined with Eq. ͑18͒ to give R*ϭ 2n w v hw ⌬g ͑39͒
and thus determine the size of a nucleus for a given driving force.
It should be noted that Eqs. ͑33͒ and ͑34͒ are consistent with Eq. ͑28͒. For the conditions at the critical hydrate nucleus, the chemical potential of water in the aqueous phase is the same as that in the hydrate at the pressure of the hydrate. We can then write
Note that the hydrate composition is a function of the external pressure. Now if we use Eq. ͑36͒ and again assume the hydrate lattice to be incompressible we get
which is the same as Eq. ͑28͒ if we use the Laplace equation.
VI. DISCUSSION
To examine the magnitude of error by assuming threephase equilibrium composition in a hydrate nucleus, we will compare Eqs. ͑38͒ and ͑13͒ for a few examples. Relevant data for the hydrate parameters ͑taken from Sloan 1 ͒ are given in Table I . We have approximated v w as 0.03 nm 3 ͑the effect of volume parameters on the calculation of driving force for single component hydrates is shown in Kashchiev and Firoozabadi 9 ͒. We have used CSHMHYD ͑Ref. 1͒ to determine three-phase equilibrium pressures or temperatures and have used Eqs. ͑14͒-͑17͒ to determine hydrate composition for any condition. Figure 1 compares the driving force versus pressure from the two equations for hydrate from pure methane at 275 K and the formation of sI type hydrate. There is very little difference in driving force from the two equations since the filling of cavities with methane only increases slightly with pressure in Eq. ͑38͒ ͑see Fig. 2͒ . Equation ͑13͒ assumes a constant composition at any temperature determined by the three-phase equilibrium pressure ͑about 31 bars in Fig. 2 on the far left͒ which is evidently an adequate assumption for the methane hydrate.
Figures 3 and 4 demonstrate the effect of additional components on the difference between the two equations. Figure 3 shows driving force for a methane/ethane mixture (sI hydrate formed͒ at 275 K. At low pressures, the difference between the two equations is quite small, but at higher pressures we observe a larger difference as both composition and fractional filling change. Figure 4 shows driving force for a methane/ethane/propane mixture (sII hydrate formed͒. Here we observe a much larger difference between the two equations as pressure is increased. In Fig. 5 the composition used in Eq. ͑38͒ of the three-component hydrate is shown as a function of pressure. Both the dry basis mole fractions in the hydrate and the total fractional filling of the cavities ͑both types combined͒ are shown and indicate a significant change in composition with pressure. As pressure increases the total fractional filling increases ͑mainly due to increased methane filling of the small cavities͒, the fraction of methane increases, the fraction of propane decreases, and the fraction of ethane goes through a minimum. As mentioned above, Eq. ͑13͒ assumes that the composition is based on the three- phase equilibrium pressure ͑far left values at about 8.8 bars͒ and would ignore the large changes shown in Fig. 5 . This assumption is reasonably valid at low pressures but leads to the very large differences in Fig. 4 at higher pressures. One additional observation is the leveling off of Eq. ͑13͒ at high pressures in Fig. 4 . In fact with some compositions it is possible to see a slight minimum in driving force at high pressures. This would suggest a pressure above which the driving force ͑and thus the ease of forming hydrates͒ would not increase, which is certainly inconsistent with the driving force concept and is not supported by observations in the laboratory or field.
The difference between Eqs. ͑13͒ and ͑38͒ is also shown as a function of temperature. In this case the compositions used in Eq. ͑13͒ must be recalculated at every temperature ͑again based on three-phase equilibrium pressure͒. Also, for the purposes of illustration we have approximated a constant difference between n w v w and n w v hw with changes in temperature. Figure 6 shows that for the one-component methane system ͑at 120 bars͒, both equations predict essentially the same driving force over the temperature range. The composition and fractional filling do not significantly change over this range, and the difference between nucleus composition and composition at the three-phase equilibrium pressure is not large. Figure 7 shows driving force as a function of temperature for the three-component system ͑methane, ethane, and propane͒. In Fig. 7͑b͒ the difference between values from the two equations is greater at 120 bars than it is at 60 bars in Fig. 7͑a͒ ͑as we would expect from Fig. 4͒ and the difference between equations is much greater than for the one-component hydrate. Figures 8͑a͒ and 8͑b͒ show the differences between compositions and fractional filling used for Fig. 7͑b͒ . In Fig. 8͑a͒ the dashed curves show the three-phase equilibrium compositions used in Eq. ͑13͒; there is a decrease in methane composition and an increase in propane composition as supercooling increases. However, the nucleus composition used in Eq. ͑38͒ is fairly constant at these high pressures, only showing a slight increase in methane compo- sition and decrease in propane composition with increase in supercooling. Figure 8͑b͒ shows a significant difference in overall fractional filling from two equations. The combination of differences shown in Figs. 8͑a͒ and 8͑b͒ gives rise to relatively large differences in driving force at low temperatures as shown in Fig. 7͑a͒ .
The effect of slight changes in composition and temperature on Eq. ͑38͒ is shown in Fig. 9 . An increase in propane and decrease in ethane leads to an increase in driving force at any given pressure. At higher pressures this increase appears to be due to more than just the decrease in three-phase equilibrium pressure ͑i.e., equivalent PϪ P e values will still give a larger driving force for the mixture with more propane͒. Figure 9 also shows that a 5 K increase in temperature leads to a large decrease in driving force. It is interesting to note that at high pressures the effect of a 5 K increase in temperature is about equivalent to the difference in driving force introduced by Eq. ͑13͒.
Finally, Fig. 10 shows critical radius from Eq. ͑39͒ as a function of pressure for three cases. In these calculations, we have used a value of 20 mJ/m 2 for for the hydrate/water interface. This is the approximate value of for the water/ice interface as given in the literature. 22, 23 For all cases, the critical radii decrease steeply as pressure increases at lower pressures and then level out at higher pressures ͑as would be expected from the driving force plots͒. This should emphasize why nucleation is so sensitive to variables at low driving forces and thus why scatter in experimental data at low driving forces is so great. 1 The critical radii for pure methane hydrate are quite a bit larger than those for the threecomponent mixture ͑even the mixture at higher temperature͒. Also, the 5 K increase in temperature leads to an Ϸ30% increase in critical radii at high pressures.
There appears to be no experimental measurement of hydrate composition in nuclei or in small hydrate particles away from three-phase equilibrium. Most of the compositional studies have examined three-phase equilibrium compositions to compare with predictions. Levik, Monfort, and Gudmundsson 24 measured the composition of hydrates formed at various subcoolings for methane, ethane, and propane mixtures. They observed significant increases in methane content and decreases in propane content with increasing driving force from subcooling. In contrast the theory would predict only slight increases in methane content ͑nearly constant͒, and three-phase equilibrium compositions would predict the opposite trend. However, Levik's measurements are for the final hydrates produced ͑nonequilibrium͒ and may not provide a representation of nucleus composition at unstable equilibrium.
VII. CONCLUSIONS
We present a new expression for the driving force for nucleation of gas hydrates in an aqueous solution at equilibrium with a gas phase. We also present working equations for the calculation of the composition of the critical hydrate nucleus in a multicomponent mixture. Prior to this work, the FIG. 8 . Compositions for the nuclei of 75% methane, 20% ethane, and 5% propane at 120 bars ͓driving forces shown in Fig. 7͑b͔͒ . ͑a͒ Dry-basis mole fractions in the hydrate. ͑b͒ Overall fraction filled of cavities for the two equations. The solid curves are for Eq. ͑38͒ and the dashed curves are for Eq. ͑13͒.
FIG. 9.
Comparison of driving force vs pressure for three systems all using Eq. ͑38͒. ͑A͒ 75% methane, 15% ethane, and 10% propane at 275 K. ͑B͒ 75% methane, 20% ethane, and 5% propane at 275 K. ͑C͒ 75% methane, 20% ethane, and 5% propane at 280 K. composition of the hydrate nucleus is assumed to be the same as that at three-phase equilibrium. The results for the driving force from our new expressions and those from literature are compared. The use of the three-phase equilibrium composition does not give rise to a large difference in driving force for low values and for single-component systems, where the compositions used in the two expressions are similar. However, we should emphasize that although the differences are small at low driving forces, the critical nuclei sizes are extremely sensitive to variations at low driving forces. At large driving forces for multicomponent systems there are significant differences between our expression and that from the literature due to the large differences in compositions used.
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